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Introduction
Planetary observation is vital to gain an insight into the history of the Solar System and in turn the formulation of Earth, and can be used to determine whether extra-terrestrial habitable environments exist in the Solar System.
The Martian environment is of particular interest with recent missions including Mars Odyssey [1], Mars Express [2] , Mars Reconnaissance Orbiter (MRO) [3] , and the Mars Science Laboratory (MSL) 1 . Such missions have allowed a comprehensive view of Mars to be obtained through data of the Martian surface geology, mineral composition, subsurface structure, radiation environment and weather. However, additional significance has recently been placed on exploration of Mars with the reformulation of the Mars Exploration Program [4] . This program aims to assess both near-term mission concepts and longer-term foundations of program level architectures for future robotic exploration. As a result missions must be developed which are responsive to the scientific goals of both the National Research Council Planetary Decadal Survey [5] and the ESA Aurora Program 2 .
Similarly, the NASA Vision and Voyages Decadal Survey for 2013 -2022 has identified three themes for the future development of planetary science, within which the importance of investigating the evolution of the inner planets and their atmospheres is highlighted [5] . The importance of examining the chemistry, climates and geology of the inner planets is also outlined to lead to a better understanding of climate change on Earth [5] .
The importance of further exploration of Mercury and Venus is therefore clear. This paper develops novel orbits of Mars, Mercury and Venus to enable new and unique investigations and allow enhanced investigation into the surface, subsurface and atmospheres of these bodies.
Natural orbits typically used for remote sensing applications at Earth also exist at Mars. For example, sunsynchronous orbits, which have in the past been employed by spacecraft such as Mars Odyssey [1], MRO [6] , and Mars Global Surveyor [7] and Molniya-like orbits with fixed values of the critical inclination [8] , which can also offer benefits for remote sensing of Mars by allowing the spacecraft to spend a large amount of time over a region of interest as a result of apoareion dwell.
Similar to Mars, orbits inclined at the critical inclination also exist at Mercury and Venus, however the reciprocal of flattening of these planets is so low that natural perturbations are insufficient to generate sunsynchronous orbits. Investigation has therefore previously been conducted into the use of a solar sail to deliver a sun-synchronous orbit around Mercury [9] . This paper extends methods previously introduced by the authors for the extension of Earth orbits [10, 11] to; extend existing highly-elliptical orbits at Mars, Mercury and Venus; extend sun-synchronous orbits around Mars; and enable sun-synchronous orbits at Mercury and Venus where they are otherwise not possible, as such significantly enhancing the opportunities for remote sensing of these bodies.
Mars
The work presented herein extends these natural orbits using continuous low-thrust propulsion to create a new set of Martian orbits for improved remote sensing, while maintaining the zero change in argument of periapsis condition essential to Molniya-like orbits. This is achieved firstly by developing a general perturbations solution, which is validated using a special perturbations solution.
These solutions can also be extended by the addition of a further element of continuous low-thrust directed out of the orbit plane to ensure that the rate of change of ascending node of the orbit matches the mean rotation of the Sun, and achieve sun-synchronous orbits with fixed critical inclinations and thus no rotation of the apsidal line. The development of such novel orbits therefore creates additional observation opportunities of the surface and atmosphere of Mars, allowing more accurate observations for possible future human exploration. One such example would be to enable a sun-synchronous HEO inclined at 90 degrees to allow improved studies of the Martian Polar Regions. 
Spacecraft Motion about an Oblate Body
At Earth the most dominant perturbation is the oblateness term, J 2 , with a value of 1.082627x10 -3 . The harmonic coefficients J 3 and J 4 are around three orders of magnitude smaller than the J 2 term, with J 3 = -2.53266x10 -6 , and J 4 = -1.61962x10 -6 , and thus have a negligible effect on the determination of the critical inclination. At Mars, the J 2 perturbation is also dominant, with a value of 1.95545x10 -3 . However, zonal harmonics through to J 5 are only around two orders of magnitude lower than the J 2 perturbation, with values of J 3 = 3.14498x10 -5 , J 4 = -1.53774x10 -5 , and J 5 = 9.0793x10 -6 , and so will have an impact on the determination of the critical inclination at Mars. As a result higher order terms must be taken into consideration in this instance.
Considering the gravitational potential of a body [14]       
Where, i is the orbit inclination, is the true anomaly, and is the argument of pericentre. The disturbing force components in the radial, transverse and normal directions are found by taking the partial derivatives of Eq. (5) with respect to r, u and i respectively as follows (6) sin sin (80 420 7 sin sin (25 54 sin sin ))))) 2 7 ) 7 sin sin (4 9 7 sin sin )))) 2  2  3  3  2  3  5  2  4  7   22  3  5  4  5 cos ( 12 15 sin sin (24 60 5 sin sin 8 (6(2 7 ) 7 sin sin (4 9 sin sin ))))
Elliptical Orbits
General Perturbations Solution
The equatorial bulge of Mars causes the argument of periapsis of the orbit to rotate; this effect is negated with orbits inclined at a critical inclination. The value of which is derived using the Gauss form of the Lagrange Planetary Equation for the rate of change of argument of periapsis [15] .
Where, p is the semi-latus rectum, and e is the eccentricity of the orbit To obtain the value of the critical inclination Eqs. Increasing the perturbations to include J 5 alters the critical inclination values to 63.24 degrees and 116.76 degrees, thus including the J 5 perturbation results in difference of less than 0.1% from the J 4 results, and can therefore be neglected in order to significantly reduce the complexity of the solutions.
Equations (9) -(11) are simplified and low thrust terms added to allow the extension of the critical inclination.
These low-thrust terms are added using the argument of periapsis control law [16] derived from the variational equation, given in Eq. (12), by consideration of the sine and cosine terms in this equation. Locally optimal control laws maximize the instantaneous rate of change of the argument of pericentre, and provide the thrust orientation in analytical form [16] . The locally optimal control law gives the distinct position of the orbit where the sign of the thrust is required to switch direction. The combined perturbations up to J 4 and low-thrust perturbations in each of the radial, transverse and out-of-plane directions are thus given by
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Equations (13) -(15) are again substituted into Eq. (12) and integrated over one orbital revolution. The resulting equation for the change in argument of pericentre over the orbit is made up of an Earth gravity term to the order of J 4, a radial acceleration term and a transverse acceleration term, given by Eqs. (16) - (19) . 
Equation (16) is set equal to zero and solved for the acceleration required to achieve any value of critical inclination for any given orbit. In this case, the radial and transverse components of acceleration are not equal, and no out-of-plane element is included, as this does not always produce a reduction in the required acceleration magnitude over the individual accelerations and the addition of the normal acceleration adds significant complexity to the analytical expressions; this is explained in more detail in [10] .
The resulting acceleration magnitudes are shown for a variety of orbit periods between 6 and 24 hours to achieve inclinations between 5 and 175 degrees for a constant periapsis altitude of 800 km to compensate for the drift in argument of pericentre caused by the perturbations to the order of J 4 . The required acceleration to maintain the zero change in argument of perigee condition for a variety of orbit periods and inclinations are shown in Figure 1 , and the corresponding v per orbit is shown in Figure 2 , for an argument of pericentre value of 270 degrees. It is noted that the acceleration magnitude is dependent on the value assigned to the argument of periapsis, however considering the results for an argument of pericentre of 0 degrees shows a very small difference between the required acceleration from a value of 270 degrees. 
Special Perturbations Solution
Analytical solutions are verified using a special perturbations solution. This numerical model propagates the position of the spacecraft using a set of Modified Equinoctial Elements [18] using an explicit variable step size Runge-Kutta (4,5) formula, the Dormand-Prince pair [19] . Results are shown for the orbital elements for five revolutions of a 12 h orbit with 90 degree inclination and 270 degree argument of pericentre in Figure 3 . These results show that although the semi-major axis, eccentricity and argument of pericentre oscillate over each orbital revolution, these elements return to the original value after each orbit. It is also shown that there are no changes experienced by inclination and ascending node angle. 
Sun-synchronous Orbits
In addition to the extension of the critical inclination, continuous low-thrust propulsion can also be used to extend existing sun-synchronous orbits to allow free selection of the orbit inclination and altitude. A sunsynchronous orbit requires the rate of change of the ascending node to match the motion of the mean Sun (2 /686.42λ rad/day). The ascending node angle can also be described by the Gauss form of the variational equations using classical orbital elements [15] . (20) Eq. (15) is substituted into Eq. (20) and is again integrated over one revolution to give the change in ascending node over one orbit. In this case, as an out-of-plane acceleration is applied which is dependent on the argument of latitude, two solutions exist for an argument of pericentre equal to 0 and 270 degrees, which give the maximum and minimum solutions. This is again explained in more detail in [10] . This change in ascending node over one orbit is given by Eq. (21) . 
Switching the rate of change of ascending node angle per rotation to per second and re-arranging, the two solutions for the change in ascending node per second for argument of periapsis equal to 0 and 270 degrees respectively, are 
Circular Sun-synchronous Orbits
Firstly, considering the extension of circular orbits, the acceleration magnitude directed out of the orbit plane to achieve free-selection of the inclination for a range of orbit altitudes is given in Figure 4 , and the corresponding v per orbit is also shown in Figure 5 . 
Elliptical Sun-synchronous Orbits
If elliptical orbits are considered, two conditions can be combined to obtain sun-synchronous HEOs. These orbits use continuous out-of-plane acceleration to allow the ascending node angle to rotate to match the motion of the mean Sun, giving the sun-synchronous condition. Combined radial and transverse acceleration are then used to compensate for the applied normal acceleration and maintain the zero change in argument of periapsis condition essential to Molniya like orbits. The radial, transverse, normal and the total acceleration magnitude to achieve sun-synchronous HEOs of varying orbital period and inclination are given in Figure 6 for argument of pericentre values of 270 degrees for a constant periapsis altitude of 800 km. The v per orbit is also shown in Figure 7 . It is noted that the same analysis is also conducted for an argument of periapsis value of 0 degrees, these results are however similar to those for an argument of periapsis value of 270 degrees, and so are not included in this paper. Comparison of these results shows that the value of the argument of pericentre does not significantly affect the level of acceleration required to achieve sun-synchronous HEOs as these accelerations are of the same order of magnitude. higher than that required for the orbits excluding the sun-synchronous condition, these levels are still within the capabilities of current thrusters. For example, the High Power Electric Propulsion (HiPEP) thruster which has undergone ground testing is capable of providing a maximum of 670 mN [20] and test data from the Nuclear Electric Xenon Ion System (NEXIS) has also shown a maximum thrust level of 476 mN [21].
Figure 6 Required radial, transverse and normal acceleration to achieve sun-synchronous HEOs of varying period and inclination at Mars
Special Perturbations Solution
Similar to the extension of the critical inclination solutions, sun-synchronous HEOs are verified using numerical simulations. The oscillation of orbital elements for an orbit with an argument of pericentre of 270 degrees are shown in Figure 8 . 
Venus and Mercury
As stated previously, like Earth and Mars, orbits at the critical inclination exist at Venus and Mercury, which can offer benefits for remote sensing; low-thrust propulsion can also therefore be used for the extension of these orbits. 
Highly-Elliptical Orbits
General Perturbations Solution
As the gravitational terms of Venus to the order of J 4 are of the same order of magnitude, development of orbits, like at Mars, must therefore include these higher order terms. The extension of the critical inclination at Venus is therefore performed by inserting Eqs. (13) -(15) into Eq. (14) integrating over one orbital revolution, setting the resulting expression equal to zero and solving for the radial and transverse accelerations required to alter the inclination. In these equations J 2 , J 3 and J 4 are equal to 4.458x10 -6 , -2.1082x10 -6 and -2.1471x10 -6 respectively.
As higher order gravity terms are significant in the case of Venus, the values of the critical inclination of orbits are dependent on the semi-major axis and eccentricity of the orbit. For example, a 12 h orbit with a pericentre altitude of 800 km and apocentre altitude of 36,810 km has critical inclinations of 85.3 and 94.7 degrees, significantly differing from the natural critical inclination values derived for both Earth and Mars for the same orbital parameters. The radial, transverse and total acceleration magnitude required to alter these values of critical inclination to any inclination, for orbits of varying period and with constant pericentre altitude of 800 km are presented in Figure 9 , and the corresponding v per orbit is presented in Figure 10 .
As Mercury is the least explored planet of the inner Solar System, detailed gravity field information is not yet available. Spacecraft motion about Mercury is therefore considered using gravity perturbations to the order of J 2 only, where J 2 is equal to 6x10 -5 [22] . It is therefore expected that the accuracy of this work could be significantly enhanced by the inclusion of higher order gravity terms when these become available. Figure 9 shows the minimum radial and transverse components of acceleration to alter the critical inclination of the orbits to a wide range of possible values. It can be seen that to enable all of the considered orbits very small acceleration magnitudes are required. For example, considering a 12 h orbit with an inclination of 90 degrees requires a total acceleration magnitude of 1.8x10 -5 mm/s 2 , which for a 1-ton spacecraft corresponds to a considerably low thrust level of 0.0185 mN. This is compared with a total acceleration magnitude of 0.0012 mm/s 2 for the same orbit at Mercury, which equates to 1.2 mN of thrust for a 1000 kg spacecraft, which can be provided by the QinetiQ T5 thruster capable of providing thrust levels between 1 and 20 mN [23].
Special Perturbations Solution
The general perturbations solutions are once again validated using a numerical model. A 12 h orbit is selected to demonstrate the special perturbations solution, results of which are given in Figure 11 . Once again, the semi- 
Sun-synchronous Orbits
As stated previously, natural sun-synchronous orbits do not occur at Venus. Sections 3.2.1 and 3.2.2 therefore present the use of continuous acceleration to enable circular and elliptical sun-synchronous orbits respectively, using low-thrust to achieve a rotation of the ascending node angle of 2 radians in 225 days. 
Circular Sun-synchronous Orbits
Eq. (17) is once again solved for the normal acceleration required to enable various circular sun-synchronous orbits around Venus and the result subsequently shown in Figure 12 , the required acceleration is converted into the requisite v per orbit presented in Figure 13 . The eccentric nature of Mercury's orbit around the Sun means that the required rate of change of the ascending node angle varies depending on the distance of the planet from the Sun. The required rate of change of the ascending node angle for a Sun-synchronous orbit is given as the specific angular momentum of Mercury with respect to the Sun divided by the square of the Mercury-Sun distance. The required rate of change of the ascending node angle therefore varies between 1.28x10 -6 rad/s and 5.57x10 -7 rad/s depending on Mercury's position from the Sun [16] . The maximum and minimum acceleration required to enable a Sun-synchronous, 1000 km, altitude orbit inclined at 90 degrees is 5.09 mm/s 2 and 2.21 mm/s 2 respectively. The required acceleration is therefore shown to be comparable for Mercury and Venus.
Elliptical Sun-synchronous Orbits
General Perturbations Solution
Once again, two conditions are combined to develop elliptical sun-synchronous orbits around Venus. Eq. (26) is used to determine the normal acceleration necessary to force the required rotation in the ascending node angle, and Eq. (21) is used to determine the radial and transverse acceleration necessary to ensure zero change in the argument of periapsis over the orbit. The required radial, transverse and normal accelerations are given in Figure 14 for an argument of periapsis value of 270 degrees. Figure 15 shows the required v per orbit to achieve sun-synchronous HEOs, based on the total acceleration magnitude. Figure 16 gives the variation of orbital elements for a 12 h elliptical sun-synchronous orbit at Venus with an argument of periapsis value of 270 degrees as a result of the numerical simulation. The required change in ascending node angle of 0.8 degrees per orbit is shown to be achieved, with negligible changes in semi-major axis, eccentricity and inclination over each orbital revolution. As was the case with the extension of the critical inclination at Venus (Figure 11 ), a small drift in the argument of periapsis is found when enabling elliptical sunsynchronous orbits. A drift in of 1.12x10 -3 degrees per orbit is determined, which equates to around 0.5 degrees per Venusian year. This is once again expected to be an acceptable cost. The slight increase in the drift of the argument of periapsis exhibited for elliptical sun-synchronous orbits at Venus is cause by the oscillation of the semi-major axis, eccentricity and inclination in this case, which has an impact on the argument of periapsis. The analytical solution makes the assumption that the changes in all elements are zero; the numerical simulation however indicates that in this case this assumption begins to break down. At Mercury, negligible changes in the semi-major axis, eccentricity and inclination are once again shown, with a rotation of the ascending node shown to agree with the analytical solutions with a rotation of around 2 degrees per orbit. However, as was the case with Venus, a small drift in the argument of periapsis is exhibited, with a drift of around 0.01 degrees exhibited per orbit. Although a drift is shown, this amounts to less than 2 degrees
Special Perturbations Solution
per Mercury year respectively, which is expected to be an acceptable cost. This drift is again caused by the oscillation in the semi-major axis, eccentricity and inclination in the numerical solution, which is assumed to be negligible in the analytical solution. 
Conclusion
Continuous low-thrust propulsion has been shown to extend highly-elliptical orbits at the critical inclination at Mars, Mercury and Venus, which at Mercury and Mars can be achieved using existing electric propulsion systems; to extend sun-synchronous orbits at Mars which can again be achieved with current thrusters; and to enable circular and elliptical sun-synchronous orbits at Mercury and Venus, which otherwise do not naturally occur these however are likely to require significant development of electric propulsion systems before becoming feasible. These newly proposed orbits could however significantly enhance the opportunities for remote sensing of the inner planets of the Solar System and the near constant illumination conditions offer benefits in terms of simplified instrument design as a result of the predictable thermal environment and to enable repeat observations of a target over an extended period under similar illumination conditions.
